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INTRODUCTION 
GIVEN ANY number b is is easy to produce maps of fo, f,: R+ S’ such that any 
homotopy from f. to f, requires that the image of some point of R “moves” a 
distance greater than b in the euclidean metric on S’. The surprising thing is that this is 
not true for maps from R” to S” for n > 1. In P4 of this paper we prove; 
THEOREM 0.1. Given any E > 0 and any maps fo, f,,: R” + S”, n > 1, there is a 
homotopy H: R” x I + S” from f. to f, such that for all x E R”, /Hxj c 47~ + E. Where 
/H,I is the length of the path, in the homotopy, from fo(x) to f,(x). 
The purpose of this paper is to initiate an examination of this phenomenon and to 
try and determine to what extent Theorem 0.1 is a special case. In the process we 
show the existence of a sequence of invariants of the structure of a Riemannian 
manifold that does not appear to have been noted before. 
The ideas we will be concerned with are as follows: If (Y, d) is a metric space and 
u: I + Y is a path in Y, then the path length or variation of u is given by 
(~1 = SUP (2 d(dti-d, d&J)] 
taken over all n and all partitions 0 = to 5 tl I . . . 5 t, = 1. For a homotopy H: 
X x I + Y we define the width of H by the formula 
IH( = sup{IH,l: x E X}. 
Here H, is the path H,(t) = H(x, t). 
Finally, if fo, fl: X + Y are homotopic maps, we define tht homotopy distance, 
hdCf0, f I), between fo and f I by 
hdCf0, f,) = inf{JHj: H is a homotopy f. - f,}. 
If X is compact and Y is a Riemannian manifold or a metric complex, it is fairly 
easy to see that hd(fo, f,) < 03. In [3] it was shown that this is also the case when X is 
noncompact but finite dimensional and normal and Y is assumed to be compact and to 
have a finite fundamental group. 
In each of these situations and for every homotopy class, (Y, of maps from X to Y, 
we have that ((Y, hd) is a metric space. It is the metric properties of these spaces that 
we wish to consider. 
The topology generated by hd is in fact the usual metric or compact-open 
ropology. When Y is compact one even has that there exist E > 0 such that hd(fo, f,) = 
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&_fo, fd( = swkKf&), f,(x)): x E X}), when either is less than E. In the large however 
these metrics can be quite different. For example, as above, for any metric on S’, the 
induced metric on the space of functions from R to S’, is bounded, whereas with 
respect to homotopy distance it is unbounded. 
In 5 1 and 2 we generalize 0.1 to show; 
THEOREM 0.2. For Y an compact Riemannian manifold or a finite simplicial 
complex with T,(Y) finite, there exists a sequence of real numbers (b,) such that if X is 
a normal space with covering dimension 5 n and fO, f ,: X + Y are homotopic maps, 
then hd(fo, f ,) I b,. 
The invariants of the metric space Y that we wish to consider are the sequence of 
greatest lower bounds of the b, satisfying Theorem 0.2. 
More conveniently, letting 
b(X, Y) = sup{diameter of ((u, hd): a E [X, Y]}, 
we have for any normal space X with dim X in that b(X, Y) zs b, for any b, as in 
0.2. Thus we can define 
b,(Y) = sup{b(X, Y): X normal, dim X 5 n}. 
Again by Theorem 0.2, b,(Y) < ~0 for all n. 
In 03 we show that in general the b,(Y) form a non trivial sequence by proving: 
THEOREM 0.3. In the setting of 0.2, if Y has non-zero reduced homology then lim 
b,(Y)=m. 
“41 
Note that some condition on Y is essential since the result is clearly false if Y is 
contractible. 
Finally in 94 we consider the case Y = S” and make estimates for b,(S”) as well 
as proving Theorem 0.1. 
The methods of proof used in this paper are based on those developed in [llr] for 
studying the relation between homotopy and uniform homotopy. However sufficiently 
different arguments. are required to necessitate making the present paper self con- 
tained at least with respect to [la]. 
The second named author would like to thank Birkbeck College for the hospitality 
shown during the period that this work was being done. 
Il. MODIFING UNIFORM HOMOTOPIES 
Recall that a uniform homotopy into a metric space, (Y, d), is a homotopy, F: 
X x I + Y, such that for any E > 0 there exist 6 > 0 such that It - t’l< 13 implies that 
d(F(x, t), F(x,t’)) < E, for all x E X. In this first section we discuss a technique for 
modifying uniform homotopies in order to obtain homotopies possessing certain 
additional properties. As an application we give a proof, modulo a lemma, of Theorem 
0.2. We begin with a variant of a definition of Milnor[9]. 
Definition 1.1. (l-J, A, { Vi}X,) is a geodesic equilocally convex structure on a 
compact metric space Y if: 
(i) U is a neighborhood of the diagonal in Y x Y. 
(ii) A : U x I+ Y is a map such that A(yo, yl, i) = y;, i = 0, 1. 
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(iii) {Vi}:=] is a finite open cover of Y such that V; X Vi C U and A( V; X Vi X I) = 
Vi for all i. 
(iv) For all (yO, y,) E U and all 0 < t < 1 we have that 
where JAt90.Y,,1j/ is the length of the segment from y. to A(yo, yl, t). 
The following is an exercise in local Riemannian geometry (or local simplicial 
geometry). 
LEMMA 1.2. If Y is a compact Remannian manifold or a finite metric complex then 
Y admits a geodesic equilocally convex structure. 
When Y admits a geodesic equilocally convex structure, every homotopy into Y is 
deformable to a homotopy of bounded path length. Indeed, we have the following. 
THEOREM 1.3. Let F: X x I + Y be a uniform homotopy and let Y have a geodesic 
locally equiconvex structure.’ Then there exists a map 0: (X X I) X I + Y such that: 
(i) 6(x, t, 0) = F(x, t) for all x E X and t E I. 
(ii) 0(x, i, s) = F(x, i) for i = 0, 1, all x E X and s E I. 
(iii) Denoting 0(x, t, 1) by P(x, t), IPI I IFI, and IPI < m. 
(iv) The function r: X’x I + Igiven by 7(x, t) = IFJ, the length of segment of the 4 
from 0 to t, is continuous. 
Proof. Let Y be the Lebesque number for the cover {Vi}. Since F is a uniform 
homotopy, there exists 6 > 0 such that It - t’( < S, implies that d(F(x, t), F(x, t’)) < y, 
and hence that (F(x, t), F(x, t’)) E Vi x Vi, for some i. We define P and 8 piecewise. 
Select 0 = to < tl < . . . <t, = 1 with ti - tj_I< 6. Then for tj-1 5 t 5 tj, P(x, t) and 
0(x, t, s) are given by the formulas 
P(x, t) = A(F(x, tj-l), F(x, tj), (t - tj-l)/(tj - tj-I)) (1.4) 
and 
0(x, t, s) = A(F(x, t), P<x, t), s). 
Now (i) and (ii) are immediate from this definition and (iii) follows from 1.1 (iv) 
since from the definition, 
IEI = $J d(F(x, tj-r)v F(x, tj)), for all x E X. (1.5) 
Since to, . . . ,t, is a partition of I, we have that for all x, /RI 5 lFxll and hence IFI 5 (FI. 
Also from 1.5 we have that IF’) 5 my for all x and so IF;1 5 my. 
Property (iv) also follows from 1.1 (iv) since for tj-15 t 5 tj we have 
The proof is now by induction on j. One notes that IF’,,J = 0 is continuous and then 
using 1.6 one shows that IFx.,,_,I being continuous implies that IFx.,‘/ is continuous on 
X x [fj-i, tj]. 
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We shall not need 1.3 (iv) until 03. Using 1.3 (i)-(iii) we are now able to give a 
proof of Theorem 0.2, assuming the following substantial emma, the proof of which is 
the bulk of 02. 
LEMMA 1.7. Let Y be a finite CW-complex with finite fundamental group. For each 
n there exists a compact Hausdofl space C,, and maps F,,: C, x I --, Y having the 
following property: Given any normal space X with coveting dimension 5 n and 
homotopic maps fo, f,: X+ Y there exists a map h: X+ C,, such that F.(h(x), i) = 
fi(X), i = 0, 1. 
(1.8) The proof of Theorem 0.2. Since C, is compact, F, is automatically a 
uniform homotopy. Hence we may apply 1.3 to produce F” with F”(x, i) = F.(x, i), 
i=O, 1 and /Fnl=b,,< 3~. For any homotopic maps fO, f,: X --, Y, with dim X I n, we 
can define H: X x I+ Y by H(x, t) = F(h(x), t) and then IHJ I b, and hd(f,, fJ 5 b,. 
§2. THE n-UNIVERSAL BOUNDED LIFI’ING PROPERTY 
The aim of this section is to give a proof of Lemma 1.7. The result will be seen as 
a consequence of a general lifting principle. 
(2.1) Below all spaces will be assumed to be Hausdorff. By a fibration p: E+ B 
we will mean an Hurewitz fibration whose base, B, admits a numerable cover {Uol} 
such that p-‘( Da) is trivial in the sense of Dold [6]. In order to simplify the statements 
of the various technical results we also assume that B is compact. 
Definition 2.2. A fibration is said to have the n-universal bounded lifting property 
(UBLP(n)) if there is a compact space C,, C E with the property that given any 
n-dimensional normal space X and maps f: X-, B and g: X+ E with pg = f there 
exists a map g’: X + C,, homotopic to g over f. 
THEOREM 2.3. If p: E + B is a fibration with fibre F having the homotopy type of a 
CW-complex of finite type (finitely many cells in each dimension) then p has the 
UBLP(n) for all n. 
Proof. The proof is in two stages. The first, which we present as a separate 
lemma, is essentially the case of a trivial fibration but with an extension necessary to 
the induction that forms the second part of the proof. 
Let Y be a CW-complex of finite type and let C be a compact subspace of Y. An 
n-enlargement of C is a compact subspace C’ > C such that given any n-dimensional 
normal space X, subspace A C X and map f: (X, A) +( Y, C) C (Y, C’), there is a 
homotopy H: (X, A) x I -( Y, C’) with Ho = f and H,(X) C C’. 
LEMMA 2.4. Any compact subspace of a CW-complex, Y, of finite type, has an 
n-enlargement. 
Proof. Since Y has the homotopy type of a countable CW-complex and any 
countable CW-complex has the homotopy type of a locally finite simplicial complex, 
there is a homotopy equivalence 4: Y + K: \I’ where K is a locally finite simplicial 
complex. We may also assume that 9 is cellular. 
Let G: Y x Z + Y be a homotopy from the identity to q&. Also let K be the 
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carrier of 4(C). R is a finite subcomplex of K. Let 
C’= Y" u G(C x I) u ‘I’(k), 
where Y” is the n-skeleton of Y. 
For any f: (X, A) + (Y, C), composing f x id with G gives a homotopy f - ‘I’4f: 
(X, A) -(Y, C’). 
Next consider the star cover Y of K and let % be an n-dimensional cover of X 
that refines (+f)-‘(‘V). Let ?r: X + v(a) be a projection of X onto the nerve of %. 
There exists a simplicial map u: v(a) + K such that UT is contiguous to 4f. Finally 
let 0: X x I + K be the linear deformation ([5] p. 354) of &f to U~T. Composing 8 with 
‘I’ gives a homotopy q4f - *CT: (X, A)+ (Y, C’). Since q is cellular V\~lar(X) C C’ 
completing the proof. 
We are now able to complete the proof of 2.3. By our convention about the definition 
of a fibration there exists { ~i}~=, an open cover of B and fibre homotopy equivalences 
&: p-‘( I?;) ti ai X F: ‘I’,. Let G;: p-‘( Di) X I +p-‘( ui) be a fibre homotopy from the 
identity to ‘I’i4i. 
Choose a second open cover { Vi}bl such that pi C Vi. Also choose maps ni: B + I 
with nilVi = 1 and nilB - Vi = 0. 
We now construct C, by a sequence of compact spaces E. C El C . . . . C Ek = 
C,. Put E. = 0 and suppose that we have constructed Ei-1. Let C = 
r&(Ei-l n p-‘( Ui)), where rr2 is projection on to the second factor of Di X F. By 2.4, 
we may select an n-enlargement C’ of C. Let 
Ei = Ei-1 U Gi((E;-1 II p-‘(Di)) X I) U ‘I’i(Di x C’). 
We finish the proof by showing, again by induction, that for any normal space X 
with dim X I n and maps f: X + B and g; X + E with pg = f, we may deform g over 
f to g’ with g’(X) C C,. It is convenient to let X = f-‘( oi) and Ai = f-‘( Vii>. 
Letting go = g, suppose we have shown that g is homotopic overf to a map gi-1: X + E 
such that gi-l( UAj) C Ei-1. Consider the map h = rz&gi-l. Since h(Xi n U Ai) C C 
jCi j<i 
and C’ is an n-enlargement of C we may choose a homotopy H: Xi x I + F with Ho = h 
and 
H((X; X 1) U (Xi Ll ( U Aj)) X I C C’ 
iii 
We now define gi: X + E by the formula 
gi(x) = {
Gi(gi-l(x), hiU’(X))~ qicf(x)) E [Ov !I 
Ti(f(x)9 H(4 277if(x) - 1))~ d(x) E 1129 11 
Thus gi is homotopic to f over g and gi( U Ai). The desired g’ is obtained by induction 
jsi 
up to k. 
(2.6) Proof of 1.7. For this proof one need only apply 2.3 to the fibration p: 
Y’ + Y x Y, where Y’ is the free path space of Y and p(a) = (o(O), a(l)). This we 
may do since rl Y is finite and Y is a finite CW-complex. For then the fibre R Y of p 
has the homotopy type of a CW-complex of finite type, (e.g. [lo]). 
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53. LIPSCHIT HOMOTOPIES 
To prove Theorem 0.3 we introduce a notion of homotopy that is more restrictive 
than the condition of being uniform. 
Definition 3.1. For any homotopy F: X x I + Y we define the Lipschitz constant 
of F by 
L(F) = sup d(F(x, t), F(x. t’)) 
Jt - t’l 
If L(F) is finite then F is said to be a Lipschitz homotopy. 
Trivially any Lipschitz homotopy is uniform. 
By considering a path as a homotopy on the one-point space, we can extend the 
notions of being Lipschitz and Lipschitz constant to paths. 
There is an important conceptual difference between the notion of a Lipschitz 
constant and the width of a homotopy in that the Lipschitz constant depends,on the 
parametrization in the I direction. The Lipschitz constant is a bound on the “speed” 
of the homotopy. 
The following observation is basic to this section. 
LEMMA 3.2. For each s > 0, P, = {a E Y’: L(u) 5 s} is compact. 
Proof. It is easily seen from the definitions that P, is closed and that it forms a 
equicontinuous family of functions. The result then follows from the Arzela-Ascoli’s 
theorem, (e.g. [7], p. 267). 
It should be noted that if it were the case that in general W, = {U E Y’: la/ 5 b} 
was compact the notion of Lipschitz homotopy would not be required in the proof of 
0.3. However it is certainly not the case, since if W, is compact then every homotopy 
of width sb would be uniform. For an example of a homotopy of finite width that is 
not uniform, see [3]. 
We next see established an extremely useful relationship between homotopies of 
finite width and Lipschitz homotopies. 
THEOREM 3.3. Let X be locally compact and Hausdofl and let Y admit a geodesic 
equilocally convex structure. For any E > 0, every uniform homotopy F: X x I + Y of 
width 5 b may be continuously deformed mod (XX (0, 1)) to a homotopy p’: 
X x I + Y such that IPI 5 b and fi is Lipschitz with L(F) I b + E. 
Proof. Let E be as in 1.3. Then IF] 5 b and ‘I&]: X x I-1 is continuous. 
Define CL: X x I + I by the formula 
(3.4) 
The map p is of course also continuous. 
Assume for a moment that fi(n, t) =(x, Ax, t)) is a homeomorphism of X x I to 
itself and define 
T(x, s, r) = F(x, (1 - r)s + r. T$-‘(x, s)), x E X, s, r E I. 
Here again, 7r2 is projection on the second factor. Let P(x, s) = T(x, s, 1). Clearly 
IF/ = IPI 5 b. 
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By 3.4 we have that I&,( = [&I, where 
Thus 
d(F’(x, s), F(x, s’)) 5 IF;,,I - IF;,s*l =(s - s’>pq + E(S - s’) - E(f - 0. 
I (s - s’)(b + E). 
Since, without loss of generality, we may take s 2 s’ which is equivalent to taking 
t 2 t’. 
To finish the proof we must justify our claim that fi is a homeomorphism. This we 
do with the following lemma. 
LEMMA 3.5. Let X be a locally compact Hausdoti space. Let u: X X I + I be a map 
such that for each x, IL,: I + I is a homeomorphism. Then @: X x I + X x I given by 
fi(x, t) = (x, u(x, t)) is a homeomorphism. 
Proof. The map fi is clearly one to one, onto and continuous. Thus one needs only 
to show that C;-’ is continuous. To do that it suffices to check that /i: (X X I)* + 
(X x I)* is continuous, where (X x I)* is the one point compactification of X X I and 
p is given by p(x, t) = fi(x, t) for x E X and t E I, and fi(m) = 03. 
Let U be open set in (X x I)*. Either U is open in X X I and hence fi-‘( U) = 
fi-‘(U) is open, or U= W U (VXI) U cc, where W is open in X x I and V is open 
in X with X - V compact. In this case p-‘(U) = fi-‘( W) U (V X I) U ~0, which is 
open. 
Since for compact X all homotopies X x I + Y are uniform. Theorem 3.3 has the 
following implication from which we will derive 0.3. 
COROLLARY 3.6. Let X be a compact space and fO, f ,: X + Y be homotopic maps. If 
hd(fo, f,) 5 b then, for all l > 0, there is a Lipschitz homotopy from fo to fl with 
Lipschitz number I b + l . r 
The proof of 0.3 is now immediate from 3.6 and the following: 
LEMMA 3.7. Let Y be a finite simplicial complex which has non-zero homology. 
Then for any s > 0 there exists a finite complex X, and homotopic maps fO, f,: X, + Y 
such that any Lipschitz homotopy H of f0 to f, has L(H) > s. Hence by 3.6, 
hdCfo, f 1) > s. 
Proof. First one observes that from a simple spectral sequence argument it can be 
seen that for such Y, R Y has non-zero homology groups in arbitarly high dimensions. 
The spaces X, will be subspaces of the total space of Milnor’s simplicial path space 
bundle 6 + g > Y, [8]. The only properties of this construction that we shall need are: 
(a) There is a fibre homotopy equivalence 
216 A. CALDER AND J. SIEGEL 
where PY is the space of paths originating at a base point + E Y and p(a) = (+(I). 
(b) j? (hence d) is filtered by finite CW-complexes &(,??,, n G). (That is l? = U 
I?,, and l%_, C &.) 
Note that since PY is contractible, q,, = VIE,, is homotopic to the constant map, 
+, to the constant path. 
With P, as in 3.2, let Qs = ps rl PY. Again, Q, is compact. 
Suppose that for all n, \Ir, - + by a Lipschitz homotopy with constant I s. Such a 
homotopy induces a map ‘Pp,: ,!?” + Qs such that the following diagram commutes. 
1, 1 - n 
E,,- Qs C PY 
P I 1 P 
Y Y 
Since (J?, J$) is a CW-pair and PY and B are contractible we may extend the homotopy 
over E yielding the commutative diagram 
Y=Y 
Hence @ is a homotopy equivalence with ‘J?,(6) C Qs 0 0Y, which is a compact 
subset of RY. But since RY has homology in arbitrarily high dimensions and 
H,(G) = lim H*(G”), this is impossible. 
54. HOMOTOPIES INTO SPHERES 
In this section we make some calculations and estimates of b,,,(P), where S” is the 
n-sphere with the euclidean metric and n > I, and prove Theorem 0.1. At the end of 
the section we list a few open questions and conjectures. We begin with a simple 
situation in which we can actually compute b,(S”). 
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THEOREM 4.1. Form <n, b,(P) = vr. 
Proof. Certainly b,,,(9) 2 x, since constant maps to antipodal points are homo- 
topy distance 7~ apart. 
Choose E > 0 and let fO, fI: X + s” be homotopic maps from an m-dimensional 
normal space. Let Q be the star cover of S” with respect to a triangularion of S 
which has simplices of diameter 12 sin(&i). Let V be an m-dimensional cover (that 
is a cover of order I m) which refines both fO-‘(%) and f,-‘(sl). Let q: X+ v% be a 
projection onto the nerve of V. Then there exist simplicial maps go,gl: vY+S” such 
that goq and gIq are contiguous to f. and f, respectively. Now hdCf;, giq) I J3, for 
i=O, 1. 
Since m < n, we may, by a general position argument, “move” go by an arbitrarily 
small amount (e/3) so that go(x) and g,(x) are not antipodal for any x E vV. Hence 
hd(g0, gI) 5 7~ and so hdCf,, fI) 5 7r + E. 
On the other hand we have: 
THEOREM 4.2. For m 2 n, b,,,(P) 2 27~. 
Proof. By definition b,,,(P) 2 b,(P) if m 2 n so it will be sufficient to show that 
b,(S” L 2~. This will be done by showing that b(D”, S”) L 27r. 
Let so E S” and let f: (D”, S”-‘)+ (9, so) be a map of degree 1. Using some 
elementry algebraic topology it can be seen that any homotopy from f to the constant 
map to so must carry the image of some point of S”-’ through the point antipodal to so. 
Hence b(D”, 9) 1 h&f, so) 2 2x. 
We will now prove Theorem 0.1 which we restate as; 
THEOREM 4.3. 2n zz b(R”, S”) 147~. 
Proof. That b(R”, 9) Z- 27~ is clear from the proof of 4.2. 
Let fo, f,,: R” --, S” be given maps. For B > Q, let T be a triangulation of S” with 
simplicies of diameter less than 2 sin(d8) in the euclidean metric. One has that the 
length of the longest geodesic in a single simplex is less than 64. By the simplicial 
approximation theorem there is a triangulation T’ of R” and simplicial maps go, gl: 
T’ + T which are contiguous to f. and f, respectively. Again, using the standard linear 
deformation we have that hdCfi, gi) 5 e/4 for i = 0, 1. 
Let A be an n-simplex of T with barycenter b. Let B = {S E A: Z sj 5 j}, where (sj) 
are the barycentric coordinates of s. We now modify go and gl to maps go and 2, such 
that go-‘(R) fl g,-‘(B) = 0. 
Let A’ E T’ be an n-simplex such that go(A’) = gI(A’). Let b’ be the barycenter of 
A’ and let A/, and A; be distinct (n-I)-faces of A’. Denote by no and ul the vertices 
opposite A; and A& respectively. Let vi: R” + R”, i = 0, l., be the maps given by; 
cpitR” -int A is the identity map, qi(b’) = Vi and vi is extended linearly over A’. Now vi 
maps the n-simplex (A:, b’) linearly onto A’, keeping R”-int A’ fixed (see Fig. 1). Let 
@i: R” + R” be the maps defined by ailA’= PilA’ for each such A’ and to be the 
identity elsewhere. 
We define 2; = gi@i. Since #i and gi are contiguous, hd(g;, g;) 5 e/4. 
Let F: S” x I + S” be the homotopy that deforms S” - int B to the point *, 
antipodal to b, by moving points uniformly along “great circles”. Then JFJ s 7~. 
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“2 
Fig. 1. 
Define hi: R” + S” by h,(x) = F(~(x), 1). 
Now Ai = hi-‘(S” - *). i = 0, 1, are both unions of families of, at most countable, 
tame, discrete, open n-balls in R”. That is, each ball is tamely imbedded, their closures 
are pairwise disjoint and the closure of their union is the union of their closures. 
Moreover, A,, fl A, = 0 and A. U Al is also the union of such a family. 
In [l] it is shown that any two such families are ambiently homeomorphic to each 
other. Thus, by a suitable choice of metric and coordinate system we can assume that 
each open ball in A,, U Al is of the form {x: lx - (0,. . , 0,4m)j < I} for some m E 2. 
That is we may assume that each of the open balls comprising A0 and Al comes from 
a standard set of open balls lined up along the nth coordinate axis. It should be noted 
that this assumption is made only in order that we can explicitly write down formulae 
for our homotopies. The metric on R” has nothing at all to do with the problem. 
Let D,,, = {x: Ix - (0,. . ,0,4m)( I I}. Let ,$: (Do, S”-‘)+(S”, *) be the standard 
relative homeomorphism of degree 1. That is, 6 sends radial lines though the origin to 
“great circles”. Let cu: Do-Do be the map a(x,,....,x,)=(x,,...,-x,) and Pm: 
R” + R” be the -map &(x,, . . . ,x,,,) = (x,, . . . , x, - 4m). Now, by again changing the 
metric and axis in R” we may assume that for each m either: 
(a) hllDm = * and hdDm = &?,,, or &+,,, or +. 
Or 
(b) ho/Dm = * and hIID, = &3,,, or .&p,,, or +. 
We shah now deform ho to hl using a homotopy width less that 27r. We do this by 
deforming h,-, to hl on each 0,. 
Let H, = {(x,, . . . , x,,): Ix,, -4mls2). For each of the two cases above we will 
define a homotopy G,: H,,, X I + S” f rom holH,,, to h,lH,,, such that G,,,(dH,,, x I) = + 
and lG,,,l I 27r. 
For case (a) we define, 
G((x,, . . . 7 a), t) = i 
ho(l - 26 x2, . . . , xn), x, 2 1 
h,,((l-t)x,-t,xz ,..., x,), jx,l~l 
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Fig. 2. 
Under this homotopy only the images of points of the form (xl,. . . ,4m), x z 1, 
travel as much as 27r (see Fig. 2). 
For case (b) we define 
hat - 1, x2,. . . , Xn), XI 2 1 




Again, under this homotopy only the images of points of the form (xi,. . . ,4,), x1 2 
1 move as much as 27r. 
Putting G(x, t) = G,,,(x, t), x E H,,,, yields a homotopy from ho to hi with width 
r2rr. Thus 
hdCf0, f,) 5 hdCf0, go> + hd(g0, &To) +WTO, ho) + Mho, hl) 
+ h&h,, &?I) + h&39 gr) + hd(g1, fib 
~~/4-t~/4+~+227~~~7T+l4+~/4 
=47r-!-E. 
COROLLARY 4.4. For any map f: R” + S” and any c E S”, hdtf, c) 5 3~. 
Proof. If in the proof of 4.3 we choose * = c, then hd(h,, 2,) = 0. 
Remarks 4.5. (1) The bound of 47r for b(R”, S”) seems to be essential with regard 
to the method of proof in 4.3. In the absence of an alternative technique, it is tempting 
to conjecture that b(R”, 9) = 47r. (2) On the basis of the proof of 0.3 it is also 
tempting to conjecture that b,(Y) depends only on the homology groups of R Y up to 
some dimension. (3) From the proof of Theorem 4.1 it is clear that b,(Y) = 
sup{b(K, Y): K an n-dimensional polyhedron}. (4) An interesting open question is to 
whether for every homotopy H on a normal space, with IH( I b, there exists a 
Lipschitz homotopy G from Ho to H, with JG! 5 b. 
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